10. The equation of a curve is given by y = 2+ ° (c) Find the equations of the tangent and the
X

-1 normal to the curve at A.

@ If Y- sz where k is a constant, find (d) Find the equations of the tangent and the
de (x—T) normal to the curve at C.

the value of k. . (e) What type of quadrilateral is formed by the

(b) The tangents to the curve at the points A tangents and the normals at A and C? Find the
and C, where A lies in the first quadrant, are area of the quadrilateral.

parallel to the line 3x + 6y — 8 = 0. Find the
coordinates of A and C.

13.2 Rates Of Change

The derivative of a function y = f(x) can be interpreted as the rate of change of
the variable y with respect to the variable x. Let us explore this interpretation
in the following Class Activity.

Objective: To understand that the derivative of a function can be interpreted as
the rate of change of a variable.

A car accelerates from rest along a straight road. Its displacement y m from the

o o 3 . : =7 REMARK
starting point at time ¢ seconds is given by y = f(t) = = ¢*. Let us find the velocity P
2 Dr s‘p(azemeh‘f of an
of the car when t = 5. object refers to the
drstance between the
1. Copy and complete the following table, where dy = (5 + 6t) — (5). nitial position of
the object and the
frral position of the
ot 1 0.5 0.2 0.1 0.001 oo 5 eperitiod
drrection.
5 + Ot 6 5.5 s
.—3_111‘#’
f(5 + Ot) 54 45.375 A O B W
oy In the above diagram,
1t we regard the
Sy drrection from O to
ot B as positive, the

i drsplacement from

5  OtoAis—~3mard

2. In Question 1, what does 6—); represent? - that from O to B is |
C 5 . :

3. Suggest the value of 5lim0 ?S_}t/ in Question 1. What does it represent?
t—

W in differentiation notation.

4. Express lim
ot—0



In Class Activity 1,

gy _ feron - where t =5

ot ot
represents the average velocity of the car during the interval between t =5 and
t =5 + ot. When 6t approaches 0, L & REMARK
y it + ot) — f(t) [nstantaneons
o == [ S s (%)  velocrty refers to the

veloctty at a certarn
becomes the instantaneous velocity of the car att = 5. - pornt In time. :
Note that the expression (x) resembles the definition of the derivative of
y = f(x):

dy _  _ im fx+ 80~ foo
dx x—0 OX  x—0 Ox :

Hence, we can say that:

The derivative of y = £(#), % = b\imo %, is the rate of change of y with
t—

respect to £.

This concept is widely used in Physics and Economics. In particular, when

y = f(t) is the displacement function at time ¢, % gives the instantaneous

velocity at time t.

m (Rate of change in a clinical trial)

After taking a dosage of a certain medicine for t hours, the amount,
W mg, of the medicine remaining in the body of a patient is given
by

_ 50

R

(@ Find the amount of the medicine remaining in the patient’s

body when
i t=0, (i) t=2.
(b) Find the rate of change of Wat t = 2.
Solution @ o w=_20
1+¢
When t =0, w=_20
1+ 0?
=50

i.e. when t =0, the amount of the medicine remaining in
the patient’s body is 50 mg.

50
1+ 2?

=10

(i) Whent=2, w

i.e. when t =2, the amount of the medicine remaining in
the patient’s body is 10 mg.



(b) Differentiate W with respect to ¢,

w _d
prraliad [50(1 + t°)7']
=50(=1)(1 + t2)2(2¢) Chain rule
=—-100t(1 + t)?
dw

=-1002)(1 + 2?7

2

=-8

de |,

i.e. the rate of change of W at t = 2 is -8 mg/h.

Note: (L—Vtv < 0 means that the amount of the medicine

remaining in the body is decreasing.

@- Water is dripping into a bowl from a leaking tap such that the

depth, h cm, of the water in the bowl at time t seconds is given by

h=~1+2t.
(@ Find the depth of the water when

i t=0, (i) t=4.
(b) Find the rate of change of h at t = 4.

(5ETL ][N (Motion of particle)

A cork is bobbing up and down on the water in a container. Its

vertical displacement, y cm, from a reference level at time t seconds REMARK
is given by y = 3 sin 2t. Find the velocity of the cork when - This type of
@@ t= s (b) t= b - oscrllation motron
vy T2 75 called the simple
i harmonlc motion.
Solution ) y = 3 sin 2t
dy
& =3(2) cos 2
it 3(2) cos 2t
=6 cos 2t
o 6 cos 2 (E]
de (oE 6
6
=3

i.e. whent= %, the velocity of the cork is 3 cm/s.

=6 cos 2 [zj
=2 2

=-6

dy
(b) ar

i.e. whent= %, the velocity of the cork is =6 cm/s.

Note: 1. When the velocity is positive, it means that the
displacement is increasing at that moment.

2. When the velocity is negative, it means that the
displacement is decreasing at that moment.




T
(a) t_ﬁl
(b) t=r.

. Eliza jogs along a track. Her displacement, y m,

from a starting point at time t seconds is given by
y = 3t. Find her jogging velocity when t = 5.

When a ball is dropped from the top of a building,
its height, H m, from the ground at time t seconds
is given by H = 180 — 5¢°. Find the velocity of the
ball when

@ t=2,

(b) the ball hits the ground.

. In the diagram, the length, x cm, of a spring at

time t seconds is given by x = 20 + 3 sin 4t.
(@ Find the shortest length of the spring.

(b) Find the rate of change of x when t = %.

e x >

In an animation illustrating the idea of rate of
change, the area, A cm? of an image in the
animation attime t seconds is given by A = 2t* + 5t.
Find the rate of change of the area of the image
att=3.

The volume, V cm’, of a piece of melting ice at

time t seconds is given by V = % .
(@) Find the initial volume of the ice.
(b) Find the rate of change of the volume of the

ice att = 4.

In a biology experiment, the height, H cm, of a
plant at time t months after the first observation is

modelled by
H =60 +8t.

74
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The displacement, x cm, of a particle from a fixed point at time
t seconds is given by x = 8 cos 5t. Find its velocity when

(@) Find the height of the plant when
(i t=0,
(i) t=2.

(b) Find the rate of increase of the height of the
plant when t = 2.

On a coordinate plane, a particle moves along the
x-axis. Its x-coordinate at time t seconds is given

by x = 1 _5¢ 4 9t

3
(@ Find the rate of change of x with respect to
t when t = 4.

(b) Find the values of t when the particle is
momentarily at rest.

In a chemical process, the mass, M g, of a product
30t

3t+1

(@) Find the average rate of change of the mass
during the period
(i) fromt=2tot=3,
(i) fromt=2tot=2.1.

(b) Find the rate of change of the mass of the
product when t = 2.

at time t minutes is given by M =

A stone is thrown vertically upwards. Its height,
h m, above the ground at time t seconds is given

by
h =20t - 5¢t%,

where 0 < t < T, and T is the time of flight of the

stone.

(@ Find the value of T.

(b) Draw the graph of h against t.

(c) Find the interval of the time ¢t for which the
velocity is positive.

Q)



